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Abstract

A quantitative measure of lincar system controllabilicy quality
was dueveloped, implemented in 4 software program, and demonstrated
throuptt a preliminary evaluation of an experimental aircraft flight
control systom. Aerodynamic data (stability and control derivatives)
“ere t st calculated winﬂ {inear aerodynamlics software, then used in
the lincarized perturbation motion equations to generate a linear state
space tepresentation of aircraft motion. This representation was then
used as the differential comnstraint equaticn for a quadratic cost
functional which minimizes the control energy required to reach a specified
final state.

The singular value decomposition of the controllability Grammian,
which appears in the solution to this optimal control problem, yields a
unique, time-varying, orthogonal set of basis vectors (G:, i=1,2,...,n)
which are ranked by the control energy required to move the linear sys-
tem along each vector. Eachi?1 is the least costly (in control energy)
direction to control in the orthogonal complement to that subspace of
(Rn) containing V.j’ 3=1,2,...,(1-1).

The experimental flight control system consists of variable inci-
dence wingtips acting as elevons and rudders, used on a supersonic-
cruise lightweight fighter. The evaluation included both comparison of
basis vector sets between baseline and modified aircraft and direct
comparison of the control magnitudes required to reach sample final
states. Results show the experimental controls are unsuitable due to

1) poor longitudinal and lateral control power

2) no yaw/rudder control available due to symmetry restrictions

fn the linear aerodynamics software.




CALCULATING AlRCRAFT

CONTROLLABILITY QUALITY

I. Tntroduction

Background
In the field of linear system analysis, the concept of controlla-
bility is well known; i.e., it is determined by the rank of the con-

trollability matrix
(BiaB!A™B! - iA""8] )
of the linear system described by the state space matrix equation
i’ = ‘\ X + E;iz (2)

However, this measure of linear system behavior is largely qualitative.
Either the controllability matrix is of full rank or it is not; there-
fore, the linear system is either completely controllable or it is
not. Although there 1s a transformation matrix which separates the
state space into completely controllal.le and completely uncontrollable
modes, this 1s still only a qualitative result. The only information
gained about the system's controllability characteristics is a
"yes-or-no" answer as to whether a given mode is controllable or not.
In terms of "ease" or "difficulty" of controlling the controllable
modes, this method gives no quantitative measure of system controlla-
bility. Neither is there any quantitative indication of "how close to
uncontrollable”" are the controllable modes.

Compare this situation with that of stability analysis. The
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techniques used in stability analysis not only determine the qualita-
tive "yes-or-no' answer concerning stability of each mode, but also
quantitatively describe the characteristic wmodes of system mocion
(e.g., exponential growth, exponential decay, damped sinusoid, etc.).
In addition, there are quantitative methods to measure the stability
characteristics of the system, such as time constants, damping ratio,
etc. We now explore a similar quantitative wmeasure of system con-
trollabjlity characteristics which would be useful as a control
system analysis tool.

This study developed a method to identify that unique, time-
varying set of characteristic directions in state space (R™) which
describes the system controllability quality. In this set, the n
directions are mutually orthogonal and therefore the set spans (Rn).
Also, these directions can be ranked according to the relative amount
of control energy required to reach a fixed-magnitude final state
located along each respective direction. Not only can these
directions be ranked with respect to each other, but they also indi-
cate the easiest and hardest to attain directions in the entire
system state space (Rn). The definitions of these special directions
are:

Direction 1) the easiest direction of all to attain (i.e.,
least control energy to reach) in the entire system state space (RP);
Direction 2) the easiest direction of all to control (least
control energy to reach) in (Rn-l), that particular subspace of (Rn)

which is the orthogonal complement to the one-dimensional subspace

spanned by direction 1.
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Direction i) the easiest direction of all to control in (R“-1+1

)
that particular subspace of (R™) which is the orthogonal complement
to the (i-1)-dimensional subspace spanned by directions 1 through

(i-1).

Direction n) the most difficult direction of all to control
(most control energy to reach) in the entire state space system (R™M.
This new quantitative measure of controllability quality, then, con-
sists of the relative amounts of control energy required to move the
linear system along each orthogonal direction i{n this unique, time-
varying set.

The development of this quantitative measure of linear system
controllability appears in detail in Chapter IV and employs the follow-

ing rationale. First, consider the functional

te . _ ‘
J(Gten =%fﬁmk“”""" (3)
[}

When the matrix R is limited to diagonal form, with only non-negative
diagonal elements, the integrand (GTRG) becomes l,‘; “12R11’ which may
-

be interpreted physically as "control energy', analogous to the
expression for kinetic energy, h mvz. Restricting R to non-negative
diagonal form, then, the entire functional expression i(ﬁ(t)) is the
net control energy used during the time interval [0.tf]. Now let the
linear system begin at zero initial state and alternately drive it to

the same final state, if, at the same final time, t., by using two

different control input histories, Gl(t) and Gz(t), which result in

. . e e e ——————— - e e—— -
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two different respective state space Lrajectories, il(t) and iz(t).
In general, one of these control histories will require less control
energy thau the other, as measured by the relative magnitudes of
their respective functionals, J1=J(ﬁl(t)) and 12-J(32(t)); i.e., for
a fixed final time and final state, the control history-response
trajectory combination with the smaller J(u(t)) 1s "easier" to attain
since it requires less control encrgy.

Second, we use this control energy functional to make the quanti-
tative evaluations of the controllability characteristics of the
linear system. Rather than comparing arbitrary control histories
which drive the system to an arbitrary final state, we wish to select
those specific final states which can be used to identify absolute
limits of control system capabilities. The minimum control energy
is found by solving the following constrained optimization problem:

Find the u(t) that minimizes the quadratic functional
tg T
Juwee) =1 famRimdr (4)
o

where R is positive definite, subject to the linear differential con-

straint
x=A%x +8Ba

where x(0) = 0 and §f - i(tf) are specified. Using the singular

value decomposition of the controllability Grammian,
¢t T
W, = [($ey B8 §m dT 5
o

where Q(t) is the state transition matrix, eAt, we calculate the

unique set of n characteristic directions, defined above, in (Rn)




which describe system controllability quality.
Application of the Concept

To demonstrate one possible application of this quantitative con-
trollability measure, consider a "controllability comparison" between
two different aircraft. Presently, the qualitative determination that
one alircraft is controllable while the other is not is the only rela-
tive measure of controllability performance. If the two aircraft are
either both controllable or both uncontrollable, no information has
been gained from which to decide any relative merit of either aircraft
system. In such cases, we have no quantitative information as to
which aircraft is "more controllable'". A typical application of this
new quantitative controllability measure, then, is to generate these
quantitative results for different aircraft and compare them in order
to deduce some general conclusions about relative controllability
performance between the two aircraft-control system combinations.
Rather than compare two totally different aircraft, this study con-
sidered the comparison of two different control systems installed on
the same basic aircraft. Specifically, this was a preliminary eval-
uation of a new flight control system concept compared to a more
conventional flight control system.

Control System Concept and Aircraft Selection

Most current aircraft flight control systems involve three
separate sets of control surfaces, each set primarily producing
moments about only a single axis of rotation of the aircraft. An
altgrnatlve to this one-axis moment control surface is the all-flying
horizontal tail which generates both rolling and pitching moments by

using asymmetric and aymmetric stabilizer deflections, respectively.

> .
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Logically, the simplest moment control system using such a multi-axis
concept would be a single surface, or set of surfaces, which would
provide moments about all three axes of rotation. The experimental
control system tested in this study is an attempt to use such a
system, and 18 configured as follows.

The new flight control surfaces are the wingtips (Figure 1),
which act as conventional elevons to generate pitch and roll control,
and are deflected individually to produce yawing moment. Two different
forces produce yawing moments in this case: first, asymmetric drag of

the single dcflected tip; and second, side force of the deflected tip.

Using the moment equation
M =R xF +RxF (6)

z Yy x x 'y

Figure 1 shows the wingtip drag force, ?D‘, acting through a y-axis

Figure 1, Yawing Moment Due to Tndividual Tip Deflection
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mowent arm, together with FLy, the side force component of the net
wingtip Litt toreg FL » dcting through an x-axis moment arm, combining

to produce the resaltant Mz yawing moment.

The aircraft chosen for this new control system is the Boeing
Lightweight Experimental Supercruiser (LES) model 230-Y (Figures 2

and 3). There are two reasons for this choice. First, geometry data

was avallable from Boeing for modeling the 230-Y with FLEXSTAB to calc-
ulate ahl necessary aerodynamic data. Second, as a contractor-funded
design, the 320-Y represents a practical, physically reslistic baseline

control system against which to compare the new system.

Purpose

The purpose of this study was to both develop a quantitative
measure of linear system controllability characteristics and to
demonstrate this measure as the main tool in a preliminary evaluation
of an unorthodox aircraft flight comtrol eystem.
Coals

There are three separate goals of this etudy. The firet goal ia
the theoretical development of thie quantitative measure of linear
system controllability. The second goal is the implementation of the
software to calculate this quantitative measure. The third goal is
the practical demonstration of this scftwars by both using it to cal-
culate the degree of controllability of three different aircraft/
flight condition combinations, then us'ng these results to make a
preliminary evaluation of the particular flight control systems used

on the experimental aircraft.

Assumptions

First, this study assumed s rigid aircraft ignoring the effect of







Figure 3.

Boeing LES 230-Y With Experimental Control Surfaces
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structural dynamics on the design of the control systems. The second
restriction was to address only linear systems, which permits
linearization of both dynamice and aerodynamics. The fairly uncon~

ventional alrcraft configuration chosen for analysis reasonably

precluded the use vf the theoretical/empirical DATCOM methods
developed from more orthodox configurations. Instead, the FLEXSTAB
(References 1 and 2) digital computer program, based on linear aero-
dynamic theory, was used in this atudy. Although wind tunnel testing
would provide the most accurate aerodynamic data, the linear modeling
of aerodynamics should not significantly impair the accuracy of the
results, since the study is limited to the same small perturbation
reglon about some equilibrium.

Approach and Overview

The first step in the study was to use the FLEXSTAB program to
estimate the aircraft stability and control characteristics. This data

is presented and discussed in Chapter II,

The second step was to convert the stability and control deriva-
tives from FLEXSTAB, using the linearized equations of motion, into
the constant-coefficlent matrices of the linear system state space
representation, The results, along with a derivation of the linearized

aircraft equations of motion, are given in Chapter III.

The third step was to quantitatively measure the degree of con-
trol capability of each linear system at the defined flight condition.
Theoretical development of this quantitative measure is presented in
Chapter 1V. The results of the control system evaluation, in terms
of this measure of controllability, are given in Chapter V. Chapter VI

1{sts the conclusions and recommendations of this study.

10
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It. Aerodynamic Data Generation

Basic Theory and Outputs

Aircraft flight characteristics were calculated using the FLEXSTAB
computer program (References 1 and 2). FLEXSTAB uses an aerodynamic
theory based on a first-order, linear, small-perturbation approximation

to the unsteady, inviscid, irrotational, velocity potential equation:
T 2 Ly
278 A (8-8) v % [(vB)-v&)] +
2
+hvi-vod) -v(E-B) EWE) , @

where a is the local speed of sound for both subsonic and supersonic
flow. This partial differential equation has the physical boundary

condition of zero normal velocity

V'VF a (8)
at F(x,y,z,t) = 0 , the aircraft surface.

Details of this method are presented in Reference 1.
The net FLEXSTAB outputs are: (1) for a straight and level flight

condition at the trim airspeed U_, with all other trim parameters and

1’
control surface deflections set to zero, the aerodynamic force
derivatives are calculated; (2) these derivatives are used in linear-
1zed equilibrium equations to calculate the actual trim values for all
the aircraft state and control varisbles; and (3) these trim values are
finally used to calculate the stability and control derivatives for the

trimmed reference flight condition.

Control Surface Definitions

FLEXSTAB assumes the aircraft to be symmetrical with respect to

11
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the XZ plane, uas in Figure 4, and only accepts control surfaces
located either on the XZ plane or else located symmetrically with
respect to the XZ plane. Also, control surface pairs not on the XZ
plane must be deflected symmetrically, like elevators, or asymmetri-
cally , like ailerons. The effect of a single surface deflection on
cither side of the XZ plane cannot be modeled. This FLEXSTAB restric-
tion, then, reduces the experimental flight control system to a pair
of wingtips acting as elevons, with no provision for rudder effects
except for the coincidental lateral/directional effects of ordinary
aileron deflections., For conventional control systems, the following
sign convention for control deflections is adopted: down elevator,
right aileron up, and left rudder deflections are taken as positive.

For the experimental control system, wingtip deflections x nd

tipr a
6ltipL are defined as positive for wingtip trailing edge down.
Applying this convention to all three moment axes, wingtip deflections

generate the same moments as the following conventional controls:

positive S

tipg equivalent to positive JE' negative SA

positive 8 equivalent to positive SE’ positive SA

tiPL

Using the following definitions for control surface deflections

for the unconventional aircraft,

+8¢ = 1( Srwy * Sre )

9)
tSa * 4 =Supa t STel ) (10)
+Sp = M Sre - Sra ) " da EHY

it is apparent that there is no '"pure'" rudder deflections possible,

Any roll or yaw cffects due to rudder are already contained in the

12
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ailevon derivatives, and any pitch ctffects due to rudder are already
contained in the elevator derivatives,

Since some rudder surface must be defined in FLEXSTAB, a strake was
included as an artificial rudder to allow FLEXSTAB to slways successfully
trim the experimentally-controlled aircraft, but all strake-related
rudder control derivatives were discarded.

Discussion of Data

! Tables A.T, A.I1, and A.T1T show the respective FLEXSTAB-computed
results for both the baseline and experimental LES 230-Y aircraft at
the indicated flight condition. Comparing the two LES 230-Y models, ;
the differences in several trim and stability parameters warrant
explanation: (1) trim values for angle of attack, thrust, and eleva-
tor; and (2) static longitudinal stability, Cm‘. The trim angle of
attack difference is probably due to the baseline aircraft's wingtip- L
mounted vertical fins. They provide an endplate effect which generates '
a stronger 1lift distribution than for the fin-less experimental
aircraft. The baseline aircraft can thus produce the same amount of

' 1ift at a smaller angle of attack. The baseline aircraft's larger
’ trim thrust is also due to its vertical fins, which produce more drag

(thereby requiring more thrust) than the fin-less experimental

aircraft. This erroneously large disparity in trim thrusts is due to
the inherent inability of FLEXSTAB linear theory to accurately predict
drag data. Experimental wingtlp trim deflection of 35° would certainly
e produce even more drag and require more trim thrust than would the
baseline fins plus elevators trimmed at only 4° deflection.
The difference in trim elevator settings 1s due to the differences

between the two types of elevator control surfaces. Table A.IIT ghows

14




that the eaperimental elevons are tar less etfective, as measured by

¢ and U . rhe reasons for this include: (a) the experimental

még Lse
wingtip elevons are physically much smaller in surface area than the
baseline trailing edge elevons, so can generate less change in net

litt per degree of deflection; (b) the control surface center of
pressure for the baseline elevons has a longer moment arm, with respect
to the aircraft center of gravity, than for the experimental wingtip
elevons, so the experimental surfaces produce less change in pitching
moment for the same amount of change in net lift; (c) the extreme

wingtip anhedral (60°) reduces by half the vertical component of the

change in net lift used to generate changes in pitching moment. These
three effects combine to severely limit the experimental wingtip
elevons' pitch effectivensss. Since an aircraft would never be
designed to fly with such large trim settings, a better preliminary
design approach would be to modify the trailing edge camber of the
wing (i.e., to “design in" more up-elevator) to allow a more reason-
able trim elevator setting for the experimental aircraft. Also, more
control power could be gained by increasing the physical size of the
wingtip elevons.

The experimental aircraft is also statically unstable im pitch,
as seen by a positive Cm‘ in Table A.III. Both LES models were balanced
at the same percent mean aerodynamic chord, and in fact have the same
identical wing geometry, M.A.C., and longitudinal location of M.A.C.
FLEXSTAB output data shows chat the trim neutral point was slightly
behind the CG for the basellne aircraft (stable), and was slightly

ahead of the CG (unstable) for the experimental aircraft. This

15
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neutral point shiftt between identically-winged ajrcraft is also due to
the presence of vertical fins. Since this study was not directed
toward aircraft design, these results were left as 1s, and the analysis
continued after noting the problems discussed above.

The stability and control derivative data of Table A.III 1@
now converted to the linear state space representation of aircraft
perturbation motion by the conversion process described in the next

chapter.

16




1L, Dbata Converslon to Stute Space Represeutation

Converting FLEXSTAB-gencrated stability and control derivatives
into the linear state space representatlon for the vartious aircraft-
flight conditton combinations begins with the six nonlinear differen-

tial equations of motion and the two kinematic relationships:

m (U -VR +w@Q) = ‘Mﬁw,,S\vx'et +FA~+ F (12)
m(VAUR-WP) = mg sm @ usQ«+FA7,.;:r as

m (W -UQ +VP) = s @ cos B ¢ By v F, (14)

I, P -1 (R+PR) + (I, -Iﬁ_)RQ = Lo+ L, (15)

T @ + (Tax ~Iaa) PR + T, (P*-R*) = M *M, GO
Iazé i Y P+ (INFI“) Pa+I,,QR= Na+N; 17
¢ =P+Q@sm é*aMtG'-l-RathM'Q‘ (18)

béc: Q ws —RSMQ 19)

The first step is to form the perturbed state equations of
motion with respect to steady state flight. Steady state flight
implies (14:2.25) that all motion variables remain constant. The
perturbacion substitution (for each force and moment component and for
all the motion variables) expresses the instantaneous value of each
variable as the sum of the equilibrium value (i.e., trim value)
denoted by the subscript ( )1, plus the perturbation away from the
equilibrium value (denoted by the small case symbol). Table I shows
the complete 1list of perturbation substitutions for all parameters
involved.

The second step 18 to apply the two fundamental linearity re-

strictions on the magnitude of all perturbations: (1) the small angle

17
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Table 71

Perturbation Substitutions

= X, + X
X 1
total  _  steady + perturbation )
value state value
value

subscript ( )A ~ aerodynamic force or moment

subscript ( )T ~ thrust force or moment

U=u +u V=V, v W=
P=P +p Q=0q +gq R =
6-8,+0 $ -
FAx ot x1 * fo FTx i FTxl * fo
FAy = FAy1 + fAy FTy - FTyl + ny
FA = FA + fA FT = FT + fT
z 21 z z zl z
L-LA1+(A LT-LT1+1'I‘
M= MA + m, MT - HT + mT
1 1
N = NAl + n, NT = NTl + n,.
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approximat fon

oy T 4.0, G = smMmé X Yean O (20)

(2) all perturbation magnitudes are small enough that any produce or
cross-product of perturbations is negligible with respect to the.
perturbat fons themselves. Removing the equilibrium terms and neglect-
ing all nonlinear perturbation terms produces the following linearized

equations of perturbed motion in stabflity axes:

(A=Ngr ~R. v +W ¢ *a, w) = -1'-9‘-*0:* %‘_. [{ (C, +zc.‘)§%*
= 1
e (6mC Yu - (O, z% & ( )’C s, (21)

(& +Ux tRu =W, P ~F ) = -a..es-~§ S 6 +7.¢co‘§' cor O +
/ +3; ‘-C (3+(Cy.~)‘s (,,_'-—)-f +(c,k Yv + G 54407“&‘J (22)

(ur -V g - Qg4 +Vyp ¢Pr) o s 34 04 L '?"b s-~§ us'ev +

,i__s [{ (. +2C§ ~(C..‘+Cs)£ (Cu-—) -(¢. f-)g-c Je] (23)

“7 'In' 'In(Pxﬁ +@ ) "‘(H;"I,a)(flbfczlv) : 6‘5(’ [CJ“‘ +
4(0,;.59‘-‘)(;,« )1’ (b, 337 + & SRR ‘t] (24)

1'7‘5 *+(Tpy- In)(Px"‘RlY)*ZIu(Px‘P‘R:.V) 515‘ {(C t2¢,, )}S."
¢(c.._‘.c~f)u(+(c )-( (-.f:‘,)g*‘c f:] (25)

o

Inav Ty P *(r."-I")(P l+o,1)+r,,(ai \r+£,3 21 fL[(C,.ﬂ

)‘3+(C*'.lu r;%((' \-?4’((‘_&)\«4»0 &fQ‘[gI (26)
p
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"

5cos<f1-vsm§1-(a,_ s @ +Resd ) (27)

pr G (g trosd 1 (@ i d -RisaF )g)e

-.
H)

t (@g 5= &'1" Ry “‘fl) & sec '9'; (28)

Wz (Vg ) +(Lyne,)e (29)

The thicvd step is to substitute the FLEXSTAB-generated stability
and control derivatives into thes: linearized equations of perturbed
motion (21) - (29) as the constan: coefficlients of the motion and

control variables

v ¥
;LJAIO : (u)‘)t"elk) Py i\n : ( (5’ ") f’ f') (30)

auub:(sl‘&r)r ) Gu‘=(é-a,8g)..r (31)

Solving this system for the time derivatives of the state variables
X yields the state space repregentation of the alrcraft perturbation

motion with respect to steady state conditions:

X = Ax+ G (2

where the coefficient matrices A and B are made up of combinations of
the constant coefficlents from the original motion and kinematic
equations.

Tables 11 and ITI show the resulting A and B matrices calculated for
both LES 230-Y models tested, for both the longitudinal and lateral/
directional modes. These A and B matrix pairs define the physical
differential constraint equation of the optimal control problem dis-
cussed in the next chapter. All longitudinal and lateral/directional

mode eigenvalues of both aircraft A matrices are Included in Table 1V,

20




.

- ——

o —— - iy

—

md

.

—

§h0° Yy €198°2-

8Lz 8- 8L 0y-

0°0 0°0

1Z90°0- 100" 0-
1V

0°0 0°0

| 00 00

i 00 €2 11-

A L18T° 0=

ﬁwﬁﬂ.mm 7961 " 0-
MO

aﬁﬁumowdw. (30)*%1

1

1!

(03as/o3q) 1 “(23s/93@) d “(930) %.

[ (3y87aa 1jeadaTE Nv»w. (930)3 |

(53q) <4 !

a:Ev Yy ‘(93Q) @ ‘(03s/93a) b (93a)yw ‘(das/1d) °}

B £99£2°0- £Z86Z00°0  L0L0000° 0=
0%€0$°0 67078°0~ €£8£5000°0
05€2€0°0 0°1 0°0
ﬁ|.qqooo.o- 81LT€0'0 9%Z1%0°0
w1,
0°0 965 °€1 0'0 965 €1~
0'0 0°0 0'1 0°0
0°0  9€%1000°0 0%7%9% "0~ L69% T~
0°0  STEET00°0- $8166°0 LLLYE O~
h.o.o %2195 °0- 8699 0~  798%€°0-
ONOT,

ng 4+ Xy = X

v,
_ INOT,
- Ik

. 9NOT,

9L90°S
LE66°8-
0°0

1666600~

—
G°0

0°0
685%50°0-
T9L210°0-

£61020°0-

et

e e ———— ———e s = = -

sadt1lel aoedg 21e1§ A-~0fZ $3T1 Surdog aurTased I dTqel

21




-

o o

- e
“ 1 Y 11
! H:ume me  ‘(o30) T3] - n
, ([(ausren azexoaze 7) 2 < (930) e ¢ (o3q) Yy . MO
_ (as/920) 2 ‘(as/oan) 4 ‘(am) § ¢ aw g1 = x
(8 4 (030 € “(03s/930) b ‘(93) W ‘(OaS/L4) M ] = ONOTy
[ ece6r0-  esc6'0 | [ Zz0T10°0-  96999-'0-  ZZ60£000°0- 2612970~ |

| csevre- crents £2£02°0 §0509°0-  %886T000°0 L58°¢

00 0°0 L6£9£0°0 01 0°0 0°0
hmnoc.o $£00°0- | | otess’o-  160u£0°0 6€21%0°0 §26€20°0~ |

,H«Jﬂ .H;

" 00 070 o.cg (070 965°€T 0°0 965 €1~ 00 |
0'0 0°0 o0 | o 0°0 0°1 0°0 0°0
a6 6016°0-  6L16°0~ ” 0°0  7£S72000°0 Z0L9%"0- L168°1 8469500~
0°0 1910°0=  1910°0- | [0°0  O%TST00°0- 0LT66°0 00TZE*0~  680€T0"0-

ok 2200° D= ﬁoo.o.L_ |00 9T19¢" 0~ 260160~ 1992€ "0~ 21zt0°0- |

‘_zogﬁ uzoqd
0§ AV - X
s23117ey advdg 8181g A-0¢Z ST TeIUAWRIadX3 III 2qel

22




R Ty

Table TV

Eigenvalues of Aircraft A Matrices

ALIRCRAFT LONGITUDINAL LATERAL-DIRECTIONAL
EIGENVALUES EIGENVALUES
0.0
Baseline -0.016 .005526
LES 0.0289 -0.1602 + j 2.307
-0.4326 + j 1.2 -0.8415
Experimental 1.01
LES -.02829 + j .1118 1.119

0.0

~-1.733

~.88 + § 0.5634

.0006578
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V. Control Sy-tem Analysis

ihe tiight control systems are now evaluated quantitatively by

their ability to maneuver the aircratt from the reference flight condi-
tion to a specitied tinal flight condition differing from the refer-
cuce by small perturbations in the motion variables x of equation (s¢).

bor a given reterence tlight condition, equation (32) models the
physical changes in aircraft motion x caused by control deflections u,
when the instantaneous flight condition is sufficiently close to the
reterence condition characterized by equation (32). The quantitative
measure developed in this study is discussed in the optimal control
technique described below
Basic Theory

The problem is to select the optimal control time history, u(t),

which minimizes the functional performance index

ty =
Jcaten: L 5 act) Rared e (33)

where R is a positive definite matrix, and where t_ is specified and

f

both x(t) and u(t) are subject to the constraint equation,
X = AX + Bu, (34)

and §(t0) ~ x. =0 and E(tf) = x_ are specified. Since x(t) can be

) £

expressed as
t
x(t) = §(t)x0 + [$e-risaceraz, (35)
[

the state variables' time history, x(t), is dependent on the control

variables' time history, u(t). We can treat them as independent, for
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tite putrpose of peneratiog the tirst necessary condition for optimality,
by introducing n Lagrange mulliplicr57\ to form the augmented perfor-

mance index
t‘ T T tf
IA(Gﬁ))={fﬁ(r)REn) dt + x;of flff?) Burn) Jr—i{i (36)
o

Since the constraint is introduced involving the constant vector

;x‘ a is also a constant vector. Combining the separate integrands of

equation (76) yields
¢ .
- -~ — - T
Jﬁ\(u(t)\ : {_r(u(‘n RG Yy + M\ Q(tf‘?) BG‘T))AT _x 7 37
° f

Defining the Hamiltonian function as

T T

N (R, A) =§'QK)RG(T)+5\'I(C;~?) Bae (38)

we now express the augmented performance index as
tr
- R _ .
Jaldte) = f}}{u(r),-.\) dv - % X (39) -

The superscript ( )* is hereafter used to denote quantities evaluated
at the optimal condition, i.e., at the minimum value of JA(G(t)).
Examining a non-optimal, neighboring control u(t), lying close to
the optimal u*(t), but differing from the optimum by a variation .

$uv),
. - - —
Wit = dler + £acey = TA'tey + € (¢ (40)

where ’f' is a small number. Note that ii(t) may be chosen arbitrarily.

Note also that both the initial and final conditions ;0 = 0 and

R(tf) = ;f are always optimal, since they are located on the optimum
trajectory x*(t) connecting ;0 and if. From the calculus of
25
|
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vardations, any valoue of J\(u), where u # u*, must be greater than or
¢
cytial to the optimum (minimum) JA(G)*. The necessary conditions for

optiwality ot WA (L) are found by expanding JA(G) in a Taylor series

expansion about the optimum JA(G*),
ty
- - ~ = _
Jala)= 574[@ vep), AJ4T - & (41)
o

Expanding further, we have
T

NE 2 -
Jali) = ;f(nra*,x] + 3%/ €re)dr +

;

(42)

~RR, + O

The underlined terms are just JA(G*), and the € is factored out to give

t ¢ T
@)= Ta(x™) + e{ f[ _%2‘] ‘if?l]drf ¢ TeY) (43)
o S

Since € can be chosen arbitrarily small, all terms of order € 2 and
higher cvan be made negligibly small with respect to the € ~term. Also,
since € can be chosen to be either positive or negative, the only way
JA(G) can always be greater than or equal to JA(G*), for all permissible
€ and ‘ﬁ(t), is to require that the coefficient of the & -term in
equation (43) always be zero, This necessary condition for u*(t) to

be the optimal control 1is then

£

LYY

r
Z" y(r) dr =0 (44)

°

2

.

Applying the fundamental Lemma of the calculus of variations, the

necegssary condition for optimality becomes

=0, or (45)

M) = (o st
%‘:L” (Ra+ ey x)!

*

u(2) = -R71BTE Tt o) 3 %6
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Sabbv bttt e equoat ton (4t 1oy I‘l(l\ into  eaquation (3%) gives

té T
- T -
x(ty) = - (t¢-)BR B @(t¢-7) d =5
(t,) [54’ £ $ 12 X, @
By clianciny, the dunmy variable of integration from T o (tf—'t), the
tntenral b cquation (47) becomes
tf
. T
. T
| fém BR'g () dr
S
e . -1.T T
Expressing the combination BR "B as BR R ® where
By = BR-*
R ’ (48)

the integral becomes
t*. L
f @('r; B‘B“ §(’t; dx
[e]

This integral-marrix expression is defined in the literature (8:402)
as the symmetric (n x n) controllability Grammian, Wc(tf). For both

tU =0 and t = tf specified in this optimization problem, the bracketed

integral in equation (47) becomes Nc(tf)- Substituting this form for

the integral, equation (47) becomes
x(tf) = -Nc(tf)'\ (49)
and equation (46) becomes
3 = R8T (e oW M (e )R(e ) (50)
ot et

Substituting this expression for u(t) into equation (33) gives

L5 LT
3aae) =4 (T i) et Rt 8T e, (R T OV
o
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ALl tactors invoiving ;(tf) and wu(tf)’ are invarlant over the inter-

val ot integratiou, and may be factored out of the integrand to pgive
te¢
T
T -y v T 7 . | .
Teae)=4 X(e) w‘uf){ § 80z 8RB e, J?f W (e xltg) (52
°

the integral in this equation is W (tf)' SO
<

-
T -1 =
Je@enz 3 &, W, (o) X, (53)
Since wc is a symmetric matrix, the optimal cost functiomnal is
T - % oy =T - -
(4 ()} 5 2 x4 w, {b‘, x‘ (54)
The controllability Grammian can be decomposed into
Welte) = PuE R T (55)
where ) A ¢
éiw = ! .
¥ T

- LI
is a diagonal matrix of eigenvalues of Wc(tf). and P = {\Jl vy '

W

is an orthogonal matrix of coluymn vectors which are the eigenvectors
of wc(tf). Because Wc(tf) is gymmetric, the eigenvalues and eigen-
vectors are the same as the singular values and singular vectors,

respectively. Substituting (55) into (54) gives

* , =T RPN
J(xten = 3 Xy P 2, Pw R s

L}

- _ T T
(xR el (R R (56)

The quantity (iiTPw) 18 expanded to give
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Cw g [ |: [“""" B CA )J (57)

which is a row vector of scalars, [cl, I . cn], where ¢, is the

2° i

inner (scalar) product between x. and ;1 , L.e. ey is the projection

f

ot x, along the eigenvector Vi of WC(tf).

Ci=(Rgy 7o ) (58)

Substituring this result into equation (56) gives

% -t < N c.z
- \ N [} [3
Jaten = ’il:cn‘---c-\l 2 . e —_—
(% . 3
Cu Y N (59)
This is a weighted sum of squares (ciz) of the components of if along

each of the eigenvectors va. The individual weights (1/31), as

reciprocals of the eigenvalues A of wc(tf), are now ordered in

i
ascending order; i.e., where 31 is the largest eigenvalue from the
singular value decomposition of wc(:f), 80 (1/%1) is now the smallest
weighting.

The final conclusion from this form of the cost functional is
that an if’ of fixed magnitude, selected along each of the "ranked"
eigenvector directions ?1, will give (in ascending order) cost values
is a

Ji(ﬁ*), the control energy required to reach x That 18, if x

f
will be just

.
unit vector along Fl’ then the control cost to reach if

UN. If ;f is a unit vector along F2' then the control cost to reach

:-cf will be just 1/\2 > 1/!1. Also, 1f )-(f is along 7“, the control

cost to reach if will be 1/ > 1/a,41 = 1,2, ..., (n-1). This
characteristic is the desired measure of relative controllability

quality throughout the entire state space. That is, since all
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?‘ L i the etgenvector set will completely span the state space
(R"), dnd therefore forms a set of basis vectors for the state space.
Also, since the controllabflity Grammian is time-varying, the ranked
elgenvector-basis vector set is also time-varying. This implies the

importance of obtaining time histories of the u-i(t) vectors over

some tintte time interval of interest.

Software Ilmplementation

This controllability quality measure, derived from the controlla-
bility Grammian, has been successfully implemented in the computer
program GRAMOP, whose output includes two sets of plots (and print):

1) a set of n "traits" plots, plus a cost history plot;

2) a set of state trajectory and optimal control history plots
for each user-defined final time te and final state i(tf).

The 1th trait plot (e.g., figure Bl) shows the history, versus final
time, of the 1th-ranked (1th-sma11est amount of control energy re-
quired) response direction ?i(tf) in state space., Recall from

the above that Fi(tf) is one of the n mutually orthogonal, time-
varying eigenvector/basis vector directions spanning (R™), and that

Vi(tf) is just the 1th

eligenvector of the controllability Grammian
wc(cf). The cost history plot shows the relative control costs
needed to reach each one of these n ranked directions in state space.
The control and state trajectory history plots show, respectively:
(1) the optimal control history u*(t) that drives the system from
zero initial state to the user-defined final state, using minimum
control energy and (2) the corresponding state trajectory history

x(t) along which the system travels. Chapter V presents the GRAMOP

results for the two aircraft studied.
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V. Resuolts

For this study, two separate aircraft/tlight condition combina-
tions were analyzed:

1)  LES 230-Y - Mach 0.8, 35,000 ft, steady level cruise

7)) Moditied LES 230-Y - Mach 0.8, 35,000 ft, steady level cruise

The two LES aircraft were modeled using the FLEXSTAB aerodynamic
paneling program to generate stability and control derivatives for
the indicated flight conditions. These derivatives were used to pro-
duce a state space system of equations for each aircraft/flight
condition combination. These systems of equations were used as the
constraint equation (34) in the GRAMOP program in order to calculate
and plot the basic longitudinal and lateral/directional controlla-
bility characteristics of each aircraft when flying at the indicated
tlight conditions. These state and control history plots are best
interpreted by first noting the vertical axis scaling of each
separate plot variable. This scaling clearly indicates which variables
are dominant, in terms of relative magnitude, in each response vector
time history. Each test case is discussed in detail.

Aircraft Traits

1) LFES 230-Y Longitudinal Case
This Boeing~designed aircraft h;a wing trailing edge elevons and
rudders on the wingtip-mounted vertical fins, as shown in Figure 2 .
This aircraft is used as the baseline for the modified LES, to explore
changes within a single aircraft design.
a) Direction 1 (Figure Bl)

For the baseline LES, this casiest-to-control response is a combination

3
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ot pitch rate, piteh angle, and angle ol attack up until about 2
seconds, when it becomes almost entirely an altitude change, with some
minor velocity change, for times beyond 2 seconds. Sample state and
control trajectories at 1.5 seconds (Figures B2 and B3) show very
small throttle and elevator requirements to drive the aircraft along
this dircetion. This is consistent with a fighter aircraft designed
tor high maneuverability.

b) Direction 2 (Figure B4)
This response begins as mostly negative velocity, angle of attack, and
pitch angle, but quickly (1.0 seconds) inverts to a combination of
velocity change with opposite pitch angle and opposite angle of
attack.

c) Direction 3 (Figure B5)
This response exhibits several changes in behavior, begilnning as
mostly pitch angle and angle of attack, then (around 1.3 seconds)
changes to predominantly altitude until about 3 seconds, when 1t
becomes mostly pitch rate.

d) Direction 4 (Figure B6)
This vector begins as mostly altitude, quickly (at 1 second) changes
to mostly velocity, withaminor and fairly equal-magnitude combination
of pitch angle, pitch rate, and angle of attack.

e) Direction 5 (Figure B7)
The most difficult response vector remains mostly a combination of
angle of attack and opposite pitch angle through the final time
interval tested. The altitude component dies out very rapidly (at
about 0.5 sec.) while the opposite pitch angle component grows rapidly

at the same time. The difficulty of this response is apparent in the
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extremely large elevator control magnitudes required to achieve it
over short t,s a8 soen in ¥Yigure B9, The linearity assumptions of the
constraint cquation are grossly exceeded.

t) Cost Plor (Figure B12)
this tigure shows the relative costs of response along each &}(tf).
GRAMOP correctly shows that no two cost traces overlap, since J(ui)

must always be less than J(uj) for j2i at any final time, t 1t is

£
important to notice that all cost lines tend to decrease sharply as te
increases out to about 2 seconds, then all lines remain somewhat
constant over later final times. Also, the control histories generally
show progressively smaller control deflections used as final time
increases through the 2-second area, which accounts for the sharp drop

in cost magnitude through that interval.

2) LES 230-Y - Lateral/Directional Case

a) Direction 1 (Figure Bl13)
This easiest response begins as almost entirely roll rate, which
quickly diminishes and is replaced by roll angle. Control history
Figure Bl5 shows minimal contrvl requirements, again attributable to
the aircraft's combat mission design.

b) Direction 2 (Figure B16)
This response direction history begins as mostly yaw rate, which dies
out very rapidly (at about 0.3 sec.) and is replaced by roll angle,
which is then (at 1.5 sec.) gradually replaced by roll rate as the
dominant component.

c) Direction 3 (Figure Bl7)
This response begins as mostly roll angle, then very quickly (at about

.5 sec.) becomes mostly yaw rate and remains that way throughout the
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rest ot the time interval tested.

d) Dircction 4 (Figure B13)
This respouse is mostly sideslip throughout the entire time interval
tested.  Control magnitudes are small, but usually increasing steadily
with iacreasing [{ (see Figures B20 and B22).

e) Cost Plot (Figure B23)
The cost plot characteristics are similar to the longitudinal case
cost plot.

3) Modified LES 230-Y Longitudinal Case

The modifications to the Boeing design LES 230-Y include removal of
the wingtip/vertical fins, elevons '"locked" in the wing surface, and
the anhedral wingtips used as the only set of control surfaces
(Figure 3).

a) Direction 1 (Figure Cl)
This response begins as almost entirely pitch rate, then, around 1
second, gradually becomes mosfly a combination of both some lesser
velocity and angle of attack changes along with a larger altitude
change. Consistent with this change, the trend between the two
sample trajectories, Figures C2 through C5, as final time is increased,
is toward virtually no throttle changes and only elevator movement.
Note also that all control input histories show both left and right
wingtips' movements are identical, which is consistent with both tips
acting together as elevators. Control magnitude drops with larger
final times.

b) Direction 2 (Figure C6)
This response history begins as mostly velocity change, then changes

to a fairly equal combination of pitch rate and opposite altitude
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chinpe between |oand 2 seconds. 1t then gradually becomes a new combi-
ation ot all variables - pusitive velocity and altitude changes along
with negative angle of attack, pitch angle, and pitch rate.

¢) Direction 3 (Figure c7)
This respouse begins as a combination of angle of attack and pitch
angle, then changes at 1 second to a combination of altitude and
oppusite pitch rate. At 2 seconds it again changes to mostly velocity
change with a minor pitch rate component.

d) Direction 4 (Figure C8)
This response begins as altitude change, then (around 1 second)
changes to a fairly constant combination of pitch rate and opposite
pitch angle, with minor opposite angle of attack.

¢) Direction 5 (Figure C9)
This most difficult response history is always mostly angle of attack
with opposite pitch angle. Figures Cl0 through C13 show that this
response is unattainable within the linear region of either state or
control motion until around 8 seconds final time.

f) Cost Plot (Figure Cl&)
Cost plot trends generally follow those of the other aircraft.

4) Modified LES 230-Y Lateral/Directional Case

a) Direction 1 (Figure C15)
This response is predominantly roll rate over all times. Beyond 4
seconds, roll rate and roll angle components are roughly equal, while
there {s slight opposite yaw rate beginning around 2 seconds. The
sample trajectories (Figures Cl6 through C19) show that less and loi
control is required as t_ increases. Also, note that the only control

f

command available is pure aileron, as the right and left tips'
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trajectories are mirror images of each other. 7This is also consistent
with FLEXSTAB svinmetry restrictions as well as the stated definition
of aileron deflection.
b) Direction 2 (Figure €20)
This renponse direction is mostly roll angle except at 1.5 seconds,
when opposite roll rate briefly dominates, then quickly diminishes
until ! seconds. At that time, opposite roll rate again grows until
it is the secondary component, with roll angle still dominating.
c) Direction 3 (Figure C21)
This direction is dominated at all times by negative yaw rate. At
about 1 second, a minor positive sideslip angle component begins. At
about 3 seconds, another minor negative roll rate component begins.
This plot shows the first evidence of some numerical problems in the
sof tware at around 9 seconds, as all vector components abruptly
shift values. This is due to numerical ill-conditioning of the A and
B matrix combination for the aircraft, which results in the final time
Grammian and its inverse being incorrectly computed by the existing
library matrix subroutines. A specially-written Grammian inverse sub-
, routine, which made use of the singular value decomposition of the
. matrix, eased the numerical problems to some extent but did not remove
them completely.
d) Direction 4 (Figure C22)
This most difficult response is always dominated by sideslip, with a
minor yaw rate component beginning around 2 seconds. Numerical
P pfoblems again appear around 9 seconds, as discussed above. The very
poor controllability of this direction is shown in Figures C23 and

C24 (2.0 seconds) where extremely large state and control magnitudes
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are required. AMso, Figures €25 and €2/ show numerical problems,

since the stdte trajectories never reach x o exactly. This is also

f

attributed to the particular routines used to compute the Grammian.
e¢) Cost Plot (Figur; C29)

Cost trends stifll follow those of all other cases. However, the

numerical problem attects the highest two cost lines, around 9

sveouds.  Clearly this aircraft/flight control system combination is

very badly behaved in the lateral/directional mode.

tTraits Discussion

The response characteristics of these two aircraft/control system
combinations all exhibited certain trends:

1) Each ranked response direction appears to be divided into three
distinct areas: a) the very short final time range (0 to 2 seconds)
where the state directions remain somewhat constant; b) a "transition
region', usually from final times of 2 to 5 seconds, where the state
variable components are changing from their short-time to long-time
constant values; and c) the long final time region, later than 5
seconds, where the directions are again fairly comstant in the state
space, but different from the previous directions. These three
"bands'" way be physically interpreted as the dominance of the short
period/Dutch roll modes and phugoid/spiral modes in the first and
third tf bands, respectively, and the transition between the two modes
during the second band.

2) 1t is very difficult for the flight control system to drive
the aircraft along these ''worst" directions, since they usually
combine conflicting state variable motions, e.g., positive angle of

attack along with negative pitch angle and rate, as shown in Figure C9.
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From a pilot's viewpoint, these directions usually represent highly
unorthodox gircratt motions that are neither required nor naturally
oveur during normal aircratt use. Figures €1l and C13 again show that
larger tinal times require less control magnitude, probably due

te the aiveratt's dynamic response approaching x. with relatively

f
little extra belp from the control system.
bivect Afreraft Comparison

These alrcraft/control system combinations were also studied
using a direct, "head to head" comparison. Each aircraft is "flown"
to the same arbitrary set of state vectors for both the longitudinal
and lateral cases, and the state and control trajectories are compared
to see which aircraft required the least control and state variable
displacements. Four different final state vectors were used (see

Table V), each at three different final times of 2.5, 5.0, and 7.5

seconds. Certain final time examples show results typical of results

Table V

Direct Comparison Final State Vectors

VECTOR | ¢  |u(FT/SEC)| o (DEG) q (DEG/SEC) @ (DEG) h (FD
LONG. #1| 7.5 -5.0 3.0 0.25 5.0 25.0
LONG. #2 1 5.0 -25.0 8.0 {12.0 8.0 75.0
VECTOR tg (> (bEG) | @ (DEG)| p (DEG/SEC)| v (DEG/SEC)
LAT. #1 7.5 0.0 60.0 |25.0 0.0
LAT. #2 2.5 10.0 5.0 2.0 5.0
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1o1 all three times, within a given tinal state vector, and these
samples are included tor all tour state vectors in Appendix D. These
typical cxamples are now discussed in detail.

1) Longitudinal Vector 1 (Figurces DL through D4)
vverall, the LES baseline aircraft is by far the most controllable
and hence requires the least control energy to maneuver. The experi-
mental tip controls require much more deflection than the baseline LES
controuls.

2) Longitudinal Vector 2 (Figures D5 through D8)

Again, thce LES baseline aircraft is by far the most controllable for
the least control movement. Now the experimental LES aircraft shows
control magnitudes just over linearity limits.

3) Lateral/Directional Vector 1 (Figures D9 through D13)

The LES baseline aircraft is still the best, with the experimental
wingtip system comparing very poorly in terms of control deflection
magnitudes. This is caused by the experimental system's having only
aileron control, with any state space movement corresponding to
ordinary yawing/rudder movements available only from the yaw coupling
response due to excessive aileron control. This result is certainly
consistent with expectations, given no aerodynamic yawing control
independent of the roll controls.

4) Lateral/Directional Vector 2 (Figures D13 through D16)

The LES baseline aircraft remains the best and the aileron-only
experimental aircraft again fares very poorly, so much so that it
violates linearity restrictions for control magnitudes.

Exper imental Control System Evaluation

This study shows that the experimental wingtip control system
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provides only marginal longitudinal control and totally inadequate
lateral/directional control.  This problem is initially predictable
trom the small magnitudes of the FLEXSTAB-computed elevator and
aileron control power derivatives, Cm and ng , as shown in Table A.I1I,
E A
compared with the corresponding baseline LES control powers. The
problem is also quantitatively demonstrated in the direct comparison
tests just mentioned above. Due to the FLEXSTAB symmetry restrictions,
wingtip rudder power has not been accurately modeled, but in light of
the wingtips' correctly-modeled yet very poor elevator and aileron
power, the rudder power is certainly expected to be equally poor with
respect to the baseline LES aircraft. With no known software available
to model nonsymmetrical rudder deflections, there is no method to
quantitatively verify this expectation. The only way to improve the
yaw control capability of the experimental aircraft so that FLEXSTAB
could correctly model its control characteristics is to add a conven-
tional fin and rudder on the aircraft's centerline. However, this is
essentially a conventional control system except for unusual placement
of the elevons, Wind tunnel testing appears to be the only way of
gathering data for any asymmetrical aircraft/control deflection
geometry.

Method Evaluation

The software used in this study does an excellent job of modeling
linear aerodynamics of an arbitrary (symmetric) aircraft geometry,
then translating the aerodynamics into a state space linear dynamic
system suitable for analysis by a user-selected linear systems

analysis program - GRAMOP in the case of this study.
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However, there are some resttictions which must be observed. The

{ tirst, FLESSTAB's symmetry restriction, has been described already so
i will not be turther repeated here,

Second, the linearity restriction of all software must be under-
stood. Reterence 1 and Chapters T11 and IV describe the linearity
assumpt ions used to derive the three programs used. Focusing on the
GRAMOY program, it is necessary to understand the implications of

i linearity to this particular optimal control problem in order to
correctly interpret its solution. The constraint equation (34), used
in the optimal control analysis, contains matrices A and B which are
derived using these linearity/small perturbation assumptions:

1) linear potential theory in FLEXSTAB aerodynamic paneling;

2) small perturbations around reference flight condition to
simplify the equations of motion, Thus the matrices A and B are a
valid physical model of the aircraft only for those aircraft and
control motions x(t) and u(t) which remain within the region of small
perturbations with respect to the selected equilibrium flight condi-

) tion. Therefore, the only physically valid GRAMOP-computed optimal

. ‘. state and control trajectories are those which also remain in the

region of small perturbations with respect to initial state and

control vectors.

Although linearity is assumed during the formulation of every

¥ software algorithm in this project, several cases have been noted

- where control and/or state variable magnitudes have violated these

perturbation limits, These results are caused by the combination of
two effects - constant A and B matrix elements and poor controllability.

First, the elements of both the A and B matrices are constant
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shave pae represear the combined citect of Gl stabilicy and «ontrol

dertvatinves whivh are assumed constaut over the linear/small pertur-

bation region ot both control and state variable response of tne

-~ A

giverartt. Figure 5 provides an example. Figure 5SA shows a
typical CI versus of vurve, while Figure 5B shows that the small

perturkatlon approximation adequately models Figure 54 over the
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Figure 5. Linearity Restrictions
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approptiately limited ranie ot of . Vigure 5C shows that the
constant-value covttficlent assumption erroncously allows the algorithm
to extrapolate the stability and control characteristics beyond their
region of physical validity.

Second, the GRAMOP algorithm makes exteénsive use of f.', the
diagounal matrix of eigenvalues of Wc(t). Since the eigenvalues have
no direct, physical state space meaning in terms of perturbation
magnitudes, they are only limited in that they must be non-negative
real numbers. But this matrix and its inverse appear in both u*(t)
and also x(t), equations (46) and (35). As described before, the
relative magnitudes of the ﬁi. are a measure of controllability
quality along each of the orthogonal eigenvector directions in state

space. For even an assumed linear system, certain “1 may be so
small (i.e., those eigenvector directions q; may be so poorly

controllable) that, when inverted in equations (46) and (35), they -~
drive the u(t) and x(t) values beyond linearity limits.
This combination of poor controllability and extrapolated
equations of motion results in the invalid, nonlinear output data
shown. The correct interpretation of this situation is that GRAMOP

cannot always compute the physically correct u*(t) and x(t) outputs

to reach every possible ;(tf). This problem exists even for §(tf)'s
vhich are themselves within small perturbation limits, e.g., if this
final state lies in a nearly uncontrollable subspace. The data in
such cases is still usable qualitatively, rather than quantitatively.
Violation of small perturbations in the output means that the physical
system cannot reach the given i(tf) when constrained within only the

"lincar region of motion.” This is a valid, although only qualitative,
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weasure of aircratt coutrollabilicy. It is certainly possible that
this ;(Lf) could be reached using larger perturbations in a*(t) and
x(t), but this type ot motion is beyond the scope of both FLEXSTAB and
GRAMOP. 1o order to acquire valid anumerical data from this software,
the magnitude of the "linearly accessible" ;(tf) should be scaled as
small as necessary untll the largest values in the resultant u*(t) and
x*(t) trajectories also satisefy the linearity constraints. That
scaled ;(tf) then represents the maximum-magnitude of the "linearly
controllable” response in that particular subspace of (Rn).

The third restriction is that all solutions to this optimal
control problem depend directly on the user-input control weighting
matrix, R. Even 1f all constraint matrices A and B and all other
optimal conditions if and tf are identical, resulting x*(t) and
u*(t) trajectories and J*(u(t)) will differ case-by-case with each
different R matrix used.

Recall that the R matrix form adopted in this study is diagonal
with non-negative diagonal elements. This choice of R yields a
performance functional as the weighted sum of squares

Jwwwy = 3 S(i ul; RLL)At

in

The numerical values for each Rii directly measure the relative

control energy "penalty' that the user wishes to attach to each uy.

Each R, establishes a deflection nagnitude,‘ u:ll -‘1' which is re-

1

"unit of equivalent control energy'. The

quantity u,' = “i/ 41 then expresses u, as a "normalized" “i" in

i

terms of "equivalent control energy" units, instead of physical units

i

(e.g., degrees of control surface deflection). The cost functional
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then becomes

+ ,_A i . o P
-l z - . t
j(a(ﬂ\—-zg(z “L) t 2 S(._, "L‘z) (60)
° o v &
Thus, Rll = (1/41)2, or the square of the arbitrary, user-defined

physical-to-equivalent energy units conversion factor. The larger
R11 becomes, the heavier the user is weighting (penalizing) the use of
control uy, as measured by J(u(t)). R allows the user to define
equivalent control emergies for controls which differ physically.
The R matrix used in this study equated the control energles between
angular control surface deflections, measured in degrees, and
throttle movemvnts, measured in percent of aircraft weight. The
author arbitrarily chose:

1) 5 degree control surface deflection to be one unit of control
surface energy

2) 102 of aircraft weight to be one unit of throttle energy.

Thus, since R--- (/‘ )

[ 0.0¢ 0.0 ]
R:= (61)
jo0O

- d

for ¢

'y ] (62)
r

For the lateral/directional cases, where only control surfaces (and
no throttle) are used, R was left as the identity matrix, since the

same 41 was assumed for all ui's in these cases.
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VI. Conclusions and Recommendations
Cond Lusions
The specitic conclusions reached during this study are:
1) A quantitative measure of linear system controllability
characteristics has been developed using the concept of control
energy, as defined by

.
Jawn = 4 {am rRacn dr

6t

This quadratic functional is used as the performance index in the

linear-constraint optimization problem; find the u(t) which minimizes

t v _
Jweey =7 fam R (r)dt
(-]

subject to the constraint, X = Ax + Bu, with x(0) = 0 and both

t; and i(tf) specified. The controllability Grammian
t

+_ T
w.e) = [ PnBB §imde

(-]

appears in both u*(t) and x(t) solutions for the optimization problem.
When wc(t) is expressed by its unique singular value decomposition
form within the u*(t) and x(t) expressions, it gives a ranking of the
contrellability quality, i.e., control energy J(u(t)), required to
drive the linear system along each of the n unique, time-varying,
mutually orthogonal directions in state space described in Chapters

I and IV.

2) Computer software program GRAMOP has been developed which
analyzes any input linear system according to its controllability
quality by the above process 1). Specific program options include:

a) Calculate and display the time histories of all n

orthogonal, ranked response directions at any given final time;
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b) Caliulate optimal control and corresponding state variable
response trajectories to reach any input tinal state g(tf) at the
speciticed final time,

3)  GRAMOP has been successtully used on two basic aircraft/
{light condition combinations which were compared by first calculating
longitudinal and lateral/directional controllability characteristics
using option Za above. Second, optimal control and state response
trajectories were then calculated to achieve selected i(tf)'s along
vach ranked response direction, using option 2b above. See Chapter V
tor details of these results.

4) All linearity assumptions inherent in the constraint
equation (34) must be carried throughout the interpretation of any
output data. In these aircraft test cases, the small perturbation
assumption restricts physically valid output data to those same small
perturbation limits. Any "large" output data is correctly inter-
preted as showing the aircraft's inability to reach the desired
§(tf) when using only 'small" control inputs and state variable
responses. Once either control or state variable output magnitudes
exceed this region, the linear dynamics model is an invalid repre-
sentation of the physical aircraft system. In such cases, the mag-
nlitude of the desired §(tf) should be scaled down until linear/small
perturbation constraints are met by all control and state output
data.

5) As implemented on the particular LES 230-Y aircraft, the
experimental wingtip control system was unsuccessful. This was
proven quantitatively by:

a) very low FLEXSTAB-computed values for control power
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derivat tves;

L) poor relative performance in a "head-to-head" comparison
with the basceline aircerate;

¢) frequent violation uil linearityv restrictions throughout
the coutrollability analysis. The control system symmetry limitation in
FLEXSTAB also precluded accurate modeling of the rudder characteristics of
the wingtips.

Recommendations

These recommendations center around changes in the physical
system being analyzed, and also possible modifications to the GRAMOP
algorithm.

First, this study looked at only the '"raw" stability and control
derivatives of the basic aircraft tested. A useful extension of this
analysis would be to modify the A, B matrix representation of the
aircraft by including the dynamics of additional physical control
system equipment, such as the transfer functions for servos, stability

augmentation systems, etc.

»
Second, different cost functionals could be studied. The
present J(u(t)) penalizes only the magnitude of u(t), and allows any
u(t) rates with no penalty. Better aircraft-related analysis might
result from including some control rate penalty. Similarly, penalties
for x(t) and x(t) could also be added. This would make the cost -
functional
' L r v
. * [ [] .
- = : 1 - S .= 1
J(u,u,x,f‘ﬂ: : .f[aa« risd txqx +YP£J JZ’
Third, other software changes could be made to FLEXSTAB. A
routine could be added to produce linearized state equations. A most
L
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chuallenging computer/acvodynamic project would be to replace FLEXSTAB's
existing derodvonamic paneling code with other more advanced pancling

schames.

49




10.

11.

12.

13.

Bibliography

AFFDL-TR-77-55. A Mcthod for Predicting the Stability Character-
istics of an Elastic Airplanc. Vol 1. FLEXSTAB 3,01.00 Theoreti-
cal Description. Seattle, Washington: Boeing Commercial

Airplane Co., 1977,

AFFDL-TR-77-55. A Method for Predicting the Stability Character-
istics of an Elastic Airplane, Vol 11. FLEXSTAB 3.02.00 User's
Manual. Seattle, Washington: Boeing Commercial Airplane Co.,
1977.

ASD Computer Center. ASD Computer Center Calcomp Plotter Guide
(Revision D). Wright~Patterson AFB, Ohio: ASD Computer Center,
1978.

ASD Computer Center. ASD Computer Center CDC NOS/BE User's Guide
(Revision F)., Wright-Patterson AFB, Ohio: ASD Computer Center,
1979.

Bowlin, W.R. et al. Military Airplane Aerocelastic Cycle Study
{Document #D180-25038-1). Seattle, Washington: Boeing Co., 1979.

Control Data Corporation. Fortran Extended Version 4 Reference
Manual (Revision B). Sunnyvale, California: Control Data
Corporation, 1976.

Control Data Corporation. Intercom Version 4 Reference Manual
(Revision B). Sunnyvale, California: Control Data Corporation,
1976.

Fortmann, T.E. and K.L. Hitz. An Introduction to Linear Control
Systems (Control and Systems Theory Vol 5). New York: Marcek
Dekker Inc., 1977,

Kleinman, D.L. Computer Programs Useful in Linear Systems
Studies. Cambridge, Massachusetts: Systems Control, Inc., 1971.

Kleinman, D.L. Description of Computer Programs for Use in Linear
Systems Studies. Dept. of Electrical Engineering and Computer
Science, University of Connecticut, Storrs, Connecticut, 1977.

Luenberger, D.G. Optimization by Vector Space Methods. New York:
Wiley, 1969.

Moore, J.T. Elemenis of Linear Algebra and Matrix Theory. New
York: McGraw-Hill Book Co., 1968.

Ogata, K. State Space Analysis of Control Systems. Englewood
Cliffs, New Jersey: Prentice-dail Inc., 1976.

50




N Ay

R e e AR
Roshau, Jo Flight Dynamics ot Rigid and Elastic Airplanes.
Part 1. Lawrence, Kansas: Roskam Aviation and LEngineering Corp.,
l1y/so.
Stewart, G.W. Iatroduction to Matrix Computations. New York:
Academic Press, 1973.
»
51
A
. L]
R =
= -




T A,

Appenaix A AMrcralt Spectffifcations and FLFYSTAL Results

This Appendix contalns o1l peometric specifications, trim
parameters for {light conditions, and resultant stability
and contrel data for the alrcraft used in this studv,




Table

A.T

Aircraft Data Specifications

e e e = s —— - —

WING AREA (FT#*#*2)
REF. CHORD (FT)

WING SPAN (FT)

IXX
1Yy
122

1XZ

AIRCRAFT WEIGHT (LB)

MOMENTS OF INERTIA (SLUG-FT#%2)

—————

—— —a—a e ey

BOTH
LES ~ 230Y
MODELS

——

670

25.55

34.87

36970

25940

136800

155500

11700
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Table A,TI

Trim Parameters

i ALT1TUDE (FT)

) THRUST (LB)

. ELEVATOR ANGLE (DEG)

BOEING EXP'L
LES LES
MACH NUMBER (ND) 0.80 0.80
35000 35000
VELOCITY (FT/SEC) 779 779
DYNAMIC PRESSURE (LB/FT#**2) 224 224
ROLL ANGLE (DEG) 0 0
ROLL RATE (DEG/SEC) 0 0
YAW RATE (DEG/SEC) 0 0
NORMAL LOAD FACTOR (ND) 1.0 1.0
ANGLE OF ATTACK (DEG) 1.85 2.11
FLIGHT PATH ANGLE (DEG) 0 0
PITCH ATTITUDE (DEG) 1.85 2.11
5627 2450
4.3 35.7
SIDESLIP ANGLE (DEG) 0 0
AILERON ANGLE (DEG) 0 )
RUDDER ANGLE (DEG) 0 0
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Table A.T1T

FLEXSTAB Stability and Control Derivatives

o —.[ N‘BOE]NG LES ) E-)-(—l-‘-;: LES
CL, (ND) ' 0.0906 0.0661
Cp, (ND) ' 0.0231 0.0046
Cu, (ND) ; 0.0320 0.0386
cL; (ND) ’ 0.2464 0.2464
Cp, (ND) ! 0.0375 0.01633
Cu, (WD) ! 0.0 0.0

CL, (1/RaD) i 0.5446 0.5722
Cp,, (1/RAD) | 0.0458 0.0400
Cu, (1/RAD) ~-0.0272 -0.0276
L, (1/0EO) 0.0377 0.0332
Cp,, (1/DEC) 0.0070 0.0068

Cy, (1/DEC) -0.0009 0.0011 '
CLy (1/RaD) 2.1825 1.8951

Cp, (1/RaD) 0.1741 0.1636 il
Cyy (1/RAD) -0.7779 -0.6509
Cyg (1/DEC) -0.0104 -0.0025
o, (1/DEG) -0.0010 0.0007

Cng (1/DEG) 0.0030 -0.0006 .
Cy, (1/RAD) -0.1572 0.0931
cp, (1/RAD) -0.1821 -0.1276
Cn, (1/RAD) 0.0860 -0.0277
Cyr (1/RAD) 0.7309 0.0200
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Table AJITIT (continued)

"""" . j[  BOHING LES | EXP'L LES
g, (1/RAD) l 0.1384 0.0488
Ca, () /RAD) } -0.3679 -0.0458
Ly (1/RAD) 1 0.7875 | 1.1347
““a (1/RAD) | 0.0995 0.1306
cM& (1/RAD) -0.2344 ; -0.3244
Cy'@ (1/RAD) ! -0.2187 ! -0.2205
C‘i (1/RAD) 0.0033 | 0.0018
C“(’; (1/RAD) ~0.0037 -0.0104
CLSE (1/DEG) 0.0196 0.0031
cDxE (1/DEG) 0.0015 0.0001
C““E (1/DEG) -0.0071 ~0.0011
Cy S. (1/DEG) 0.0018 -0.0016
cl“ (1/DEG) 0.0034 0.0009
C“S. (1/DEG) ~0.0011 0.0005
Cy;R (1/DEG) 0.0044 0.0002 *
Cg_  (1/DEG) 0.0009 -0.0000 *

8,

Caf, (1/DEG) -0.0024 -0.0001 #

* These derivatives correspond to strake deflection
and are ignored in any subsequent calculations.
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Appoendis B sample Outpat Data for 1LES-230Y

This is a collection of sample ovutput data generated for the
Bocing LES 230-Y using the original flight control system at the

flight conditions outlined in Chapter V.

57




T s e

' ﬁ|4\.(W||"10) -

($3)3n 1euipn3tBucy §31 aup(aseq T2 3unbiy
{"23@) W11 TUN14
[ M og‘e ooy ogTe on°z 8.0. . KA . L
. i TS . . - . .
x-] s |5 s |3
3 p
b b
b b ﬁ p
S 3 3 b
b 4 >
p 4 4 b
b b
P U 28] F ]
o X FoQ Fa b Fu XL O
t o S a } o -]
4 b b
p b o
- Fr 2+ 3 -
+ 3 mt Tt 8t S
S » | 4
3 .2 mnﬁ.u.wm..m
) s3fas3fs" s~ f23
b 3 3t st -}t 2
d o S 7 ~ 4 2 d
t 3 z et at
~-f 8 ef =T
t 8 o
2 b
e = - - -
P a “0 (-] Q Q
3 b
s |3 3 s s
-
! [

341i SA 301334

ISNOLSIN 1S31S4u3

3SYD BNIONLIONGTY  L4NSE 9° W 3gue 330

58

e ———— e = . s

——ey

- —— e e,

——




- -

T0 XF ¥ TIME

STATE VECTOR PRTH

LES BASE M .8 SSKFT LONGITUDLINRL CRSE

o 0°‘s [ oe*

(336/14) as3303a X

2.00

~
1.80

-

T
1.20

TIME (8EC.)

ME TR I Al B Y
40 80

v

v

i

T ™

- v Ty " | SRS B AR S A

[ 1 0 0e's 0~ o~

(020)JU14V 40 30y @

[on gnananan s aom o an g

LARAR SN0 AY B an o LARJN N A0 AN B 0 0 SR A AN SN Ty Ty

0s° [ 1 [T M ] ae’- [:] R
(336/030) AWy HIMLId W
LA Ty T Ty vy yrryvyyryryy vy TV VTR
o8 or* 00°s o'~ [ Bid
(030) 31ONY HI11d M
LM B ML A AL MRS SM AR DA AL ELARARSRAE A AR AbEL MMM
(] M aé’ ae‘e 0s°- o8°-

(l4) ondl W @

59

I-§ Seconds)

Baseline LES Longitudinal Response to Reach Vi (t

Figure B2



o, » .
(spuodas S = #3)TA yoeady 03 sqoujuo) teurpniibuo $37 aupleseg €€ aunbiy
(°338) ML
o0'? [+ Db ozt oe° o 8.0. .
—a 1 e A aa j & ———hd P BN at [P 'Y - .
° -
‘
9
wx w.um
°l 3
nt 3
21 3
gt_A
23 f3s
81°%
- [ m
s [ax
” o
A
d
| ”
m ﬁ
s @
y

MIL Sa SLNdNT

TO¥LINGT TMTL4O0

388D MNIONLIONGT 14386 @' W 38YE SN

60




- s

]

ENC ERSIEST RESPONSE VECTOR vS T1

LES BASE M .8 BSKFT LONGITUDINAL CASE

¢ ® rS-
4)

4 @ [
)

ﬂ) D
D l <

O
~—

£
——y—r———r

4)

p 1 B
1 » I~ -
¢ &

(1 -

> D
A9 8
y " ¢
)

Y
I 8
~

o8t 0’ on'e o8- 0s"1®
(33s/14) A41303A X
'T"'f[""'r' '*r" "I'ﬁ*'_T'*V § v v “"-f"'_'"
as* o oe‘s [ L A ot~
(030I%0¥L1Y 40 270 @
mﬁ-‘—v—
0s*1 [1 N [ T ] [+1 B as't-
(035/030) 31NN HIlld @
~r- M { MG N AN An g IS SN2 S0 & v.arv-r-v-v-'—v-v-v-v-'—v—v-vw-[w—v—v-v—
[+] Bd (] [ F M ] a*- Q8-
(030) 0NY N1l M
ML AR AM R Rl A A al SR A 1 AR AL AR S e v B S AEA I | vy YTy vevyrv
o’ (] [T M ] s - [+ ] R

(14) 300i15W &

FINRL TIME (S8EC.)

61

Figure B4 Baseline LES Longitudinal &, (tg)
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Baseline LES Longitudinal Vi (t)

Figure B85
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Baseline LES Longitudinal Response to Reach Vg (tf = 1S Seconds)

Figure gs
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Figure B13 Baseline LES Lateral/Directional 4 (tg)
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Figure B14 Baseline LES Lateral/Directional Response to Reach Vi(tg = 2.25 Seconds)
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R

Appendix C: Sample Output for Modified LES 230-Y

This is a collection of sample output data generated for the
Boeing LES 230-Y using the propused new flight control system at the

flight conditions outlined in Chapter V.
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Figure c25 Experimental LES Lateral/Directional Response to Reach ¥ (tg = 2.0 Seconds)
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Figure c27 Experimental LES Lateral/Directional Response to Reach Uy (tg = 9. Seconds)
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Appendix b Sample
This collection of data shows a direct comparison between all

three aircrafr. They were each flown to the same arbitrary set of

two loagitudinsl and two lateral/directional final state vectors, as

vutlined In Chapter V.
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Figure p1

Baseline LES Longitudinal Response to Reach Longitudinal Vector!

P
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